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Statistical Thermodynamics of Solutions of Optically Active Substances. I.
Excess Free Energy of Binary Solution of d- and I-Isomers

By Kazuo AMAYA

(Received March 1, 1961)

In recent years considerable progress has
been made in the field of the theory of solu-
tions and the fundamental features of various
types of binary solutions such as polymer
solutions, and associated solutions, etc. were
explained theoretically. However, there seem
to be no papers which treat the problem of
of the solutions containing optical isomers.
In this paper the idea of interaction of surface
points in groups will be introduced to eluci-
date the fundamental features of the solution
consisting of optical isomers.

The Model of the Solutions of Optical Isomers

In the statistical mechanical lattice theory
of solutions of anisotropic molecules, the model
usually adopted is that the surface of the
molecule is devided into a definite number of
contact points and each contact point is grouped
into an energetically equivalent element and
the number of contact points belonging to each
group has a definite value. The configurational
energy of the system is a sum of interaction
energies of the pairs of each contact point. In
such a model, however, the mutual configuration
of different kinds of elements in one and the
same molecule is not taken into account.

According to the above model, the molecules
of d- and [l-optical isomers have the same num-
ber of contact points of the same kind of ele-
ments, so that these two kinds of molecules
cannot be distinguished. In order to distin-
guish one isomer from the other, mutual
configuration of contact points of different kinds
in one and the same molecule must be intro-
duced into the above model, and at least three
contact points of different kinds of elements
must interact in groups at a time.

To meet the above requirement the following
model is proposed.

(1) The molecule is a regular polyhedron
composed of z planes of which one consists
of a-element and the remaining z—1 ones
are consist of b-elements, and further, the
a-element is composed of three sub-elements
1, 2, 3, the arrangement of these three elements,
viewed toward the plane from the outside of
the molecule along the direction normal to it,
is in the order, 1, 2, 3 clockwise for d-isomers

and 1, 3, 2 for /-isomers, the mirror image of
d-isomers.

(2) Each molecule occupies one site of the
quasi-crystalline lattice of z nearest neighbors,
and the molecular axis which passes the center
of the molecule and the a-plane composed of
a-element can take 2z directions. When the
direction is specified, it can take 3 further
different arrangements by the rotation around
the axis and thus the molecule at one site can
have 3z orientational freedom in all¥*,

(3) The molecules contact with plane to
plane and the total configurational energy of
the system is the sum of the interaction
energy of pairs of planes, the kind of pair of
planes is a—a, a—b and b—b and the a—a pair
contains 6 kinds of sub pairs, 11, 22, 33, 12,
13 and 23 and ab pair 3 kinds of sub pairs,
b1, b2 and b3. If ag-elements of l-isomers and
d-isomers are denoted by a; and aq respectively,
the a;—a; pair can take 3 configurations

(123) (123)ad(123) ith interacti
132) 51 3)and (5, ) with interaction

energy i +2wsz, 2wzt and 2wiz-tws: re-
spectively, where w;; denotes the interaction
energy of a pair of i and j element.

For aq—aq pair the same value of interaction
energy is obtained for each configuration. For
a;—aq pair, three configurations are represeted

(123) (123) d(123) ith interacti
1230 \312)3¢ 23y Wom on

energy wy +ws+ s, @izt w13+ w2 and w2+ s
+ w3 respectively, can take place.
23 . .

(i 2 3) means the configuration in which
sub elements 1, 2 and 3 of as plane of d-
isomers interact with sub element of 1, 2 and
3 of a; plane of I-isomers forming sub pairs
11, 22 and 33. Generally, distinguishable pairs
are obtained by cycling the lower row of
numbers without permutation.

The Configurational Partition Function and
the Excess Free Energy
Using the above model, the configurational
partition functions and the excess free energy
* Strictly speaking the regular polyhedron must have

a symmetry of Cin around all of z axes passing through
the center of the molecule and that of each of z planes.
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of the binary system of d- and l-optical isomers
were derived based on the method of expansion
of Kirkwood?®.

Generally configurational partition function
{2 is, by definition, expressed as

0=~ F /T (1

where E denotes the potential energy of a
system for a particular configuration and sum-
mation is carried out over all configurations.
For the system of pure [-isomers, its con-
figurational partition function (2, is represented

;= Sle~ E/kT — g~ Ei/kT (g~ (E1— E)/KT)
=e~ E/KT (3¢~ Wi/kT) )
where E; denotes the potential energy of the

system of pure [-isomers and E; denotes the
unweighted average of E; over all configurations
and W, denotes E;—E;. If g; denotes the
number of distinguishable configurations of the
system consisting of N; molecules of [-isomer,
then the configurational partition function of
the system is expressed, following Kirkwood®,
as

Nidy

InQ;—1Ing;— kT

e E In -—1—-28“ Wi(N) /KT
g

©)

where N;X;=E; and g; according to the above
model, is equal to (3z)M.

By the use of an auxiliary quantity h; de-
fined by

hi=1— _l Sle— WuNo/kT “)
&

Eq. 3 can be rewritten as

N
In 2;—N: In 3z——k‘T‘ In (1—A,)

1 1 1
——pp——mpa_tps Ly
hy 2’!: 3}!:. 4}?5 (&)

If the A4; in Eq. 4 is expanded in powers of
Wi (N,)/ET, the following formula is obtained.

Wi (ND)Dav. WP (N av..
kT 2! (kT)
WEND o,
3! (kT)? ©

where (W (Ni))4v. denotes the unweighted
average of Wi(N;) over all configurations, and
similarly <W;*(N;)).4». denotes the unweighted
average of the #th power of W,(N.) over all
configurations. Substituting 6 into 5 the follow-
ing expression is obtained.

In Qi—N; In 32— Nkt _

h=

_ AWi(N)) .
kT — kT

1) J. G. Kirkwood, J. Chem. Phys., 6, 70 (1938).
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~{{ Wi (ND)Y2up. — {WiP(N) Duw. } /2! (ET)?
—{{W (N1)) 0.
=3Wi(N)DawXWi(ND)Dan. }/3! (KT)?
—{2{W (N Y uu. } /3 (ET )2 —eeeee €)]
As E; is the unweighted average of Ei, it
follows that

<Wa(Nz) >Av. = (Er'Ec) -_—E;.—Es =0 (8)

Then Egq. 7 is rewritten as

Nie _ (W (N s,
In2;—N;In3z— kT~ 21 (kT)

Wi (Ne) ) av.

L AV 7de., 9

3! (kT)? ®

Similarly, for the system of N, d-isomers, the
following expression is obtained.

NaXa _{Wa*(Na)) 1.

In4s—Ngln3z— kT = 21 (kT)2

Wa(Na)dav.
3! (kT)®

In the following, it will be shown that X;
is equal to Xq. As X; is the unweighted average
of E; over all configurations, X, is proportional
to

(10)

aa].—a;'i'Z(z—l)&a&—b'i"(z_])zab—b (ll)
and similarly X¢ is proportional to
wag—-a+2(Z— 1D @ag-p+@— D awp-p (12)

where — denotes the unweighted average and
Oa—a, Oa-as, Oa—b, ®Wa—b and wp-p denote
the interaction energy of a;—ai, aa—aaq, ai—b,
aqs—b and b—b plane pairs respectively.
Further, according to the assumption made
above, the following relation is obtained.

1
ﬂ}a;—g(:""?{mll 4 waz+ waz+ 2 (w12 T wzs +wy) }

—Waqg—aq (13)
Thus each of three different configurations of
a,—a; ag—ay pair of plane have the same in-
teraction energy. Further

Wa—b= W1y + Wap + W3 = Wag—b (14)
From 11, 12, 13 and 14, we obtain
Li=Xa=Xo (15)

As is stated above, the interaction energy of
the pairs of planes in [l-isomers wa-a, @a—b
and wp-» and in d-isomers wa;—ag, @as—b and
ws-p» have the same value, and the total energy
E is the sum of such interaction energies of
pairs of planes. Further for one specified con-
figuration in the system consisting of N, mole-
cules of /-isomers, with a specified number of
pairs of a;—ai, a;—b and b—b plane contacts,
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there exists the corrsponding configuration in the
system contisting of N, molecules of d-isomers,
for, one to one correspondence exists between
both isomers.

Then the total configurational energy for one
specified configuration for /-isomers is equal to
that of the corresponding configuration in a-
isomers, that is

E=E; (16)
and hence

Wi (No) = Wa (No) = Wo(Ny) (17)

For d—1 mixtures consisting of N, l-isomers

and N, d-isomers, the configurational partition
function 24; is expressed as

N!

(Nx) U {N(1=x)} !
~N-21a(x)/kT=—{War(N, x))a0./kT
—{{Wuar(N, x))%10.
~ (W5 (N, x))av.}/2" (ET)?

—{{W 31 (N, x)Da0.— KW i (N, X)) av.

AWar(N, x))av.}/3! (KT)?

—2{Wai (N, x)»40./3! (ET)? (18)
where N=N;+Ns and N-Xa:(x) is the un-
weighted mean of interaction energy of the

system and x=N;/N. Since X4 (x) is propor-
tional to

xz{‘(aa; —ay + Z(Z_ 1 ) aag—b + (Z—- 1 )z(ﬂb—b}
+2(1 = x)x{@a-as+ (2— 1) (@a—b + Was—b)
+(z—1)%wp—p} + (1—x)?

In 24:— Nln3z—In

{w“_ad—Z(Z—])E“_b-I—(Z—I)zwb_b} (19)
@a—aq 18 the mean of three interaction
energies

@11 -+ Wz + W3z, W12+ west+ @3, w2+ @+ on

Each term differs from that of wag—a Or ®Way—ag
but the unweighted mean over these three
configurations, becomes the same value as
follows :

1
Wag—ay = 3 (@11 + w22+ wss + w12 + @23+ w3y
+ @12+ @3+ w31)

1
= é'{wu + w22+ w33+ 2 (w12 + was + wa) }

=Wag— gy = Wag—aq (20)
Hence, from 19, 20, 11 and 12, we have
Xar(x) =Xi1=La=¥Xo (21)

{War(N, x)>av.= (Ear— Ea1) = Eq1— Eq; =0
(22)
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For the system consisting of N d-isomers or

N [-isomers, free energy is expressed as
Fo=F=—EkTIn Qy=NkT In 3z+ NX,

2! (kT) 3! (kT)?
(23)

consisting of N,(=Nx)
(=N(1-x))

For d—I mixtures
molecules of [-isomer and Ng
molecules of d-isomer, we obtain

Fou=—kTIn Q4 =NkTIn 3z+N¥,
+NET{xInx+(1—x) In (1—x)}

_{__("Kﬁ_r_(_{\f, X)av. Wi (N, x))an.
3! (ET)*

(24)

As each configuration has a different energy,
that is Wai=(N, x) = W,(N), then the free
energy of mixing 4F, is represented as

AFp=NET{xInx+(1—x) In (1—x)}
1

3tz (Wit (N X)) a0, = WE(ND) e,
2 1
W N} =5, (kT)?

x{{ W:‘I (N, x)>av.— W} (Nt) 3 av.
=KW §(Na)Dav } 4= (25)

Then the problem is reduced to a calculation
of second and heigher powers of W (N, x),
Wy (Ny) and Wy (Ng). Now (Wi (N1)),
{W§i(Na)> and W3%,;(N) will be considered.

According to the model mentioned above,
potential energy E of the system consisting of
N molecules of /- or d-isomers with the par-
ticular configuration having N bb pairs, N
ab pairs, Naa, aa; pairs, Ngq, aa: pairs and
Neas aas pairs, where aa,, aa; and aa; denote
three kinds of aa contact, is expressed as

E= Nopwps + Nabwab + Naa;wg a1 Naa ,wg as
+Naasﬂﬂgu; (26)

where wl.,, wls, and w4, denote those interac-
tion energies corresponding to aa:, aa. and aa;
pairs respectively and these values are wy; +2wss,
@z2+2w13 and wss+2w;. respectively. Then the
average value E becomes

E= Nypwos + Nas®as+ Naa,0aa,
-+ Na a:Waa; +Ra asWaay

1 z—1)2 2(z—1
Sl 2D,
+ o+ 2 (Vaar+Oass + Gaas)] @27
2 3 Waa, T Waa; " Waas j

As W,(N) means the difference between the
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potential energy of the system of particular
configuration and that averaged over all confi-
gurations, W,(N) for the particular configuration
mentioned above becomes

Wo(N)ZE_E—-_—' {Nbb 2N (z;l)z }wbb

E(Ez_—__l)_}

Wap

+ {Naa__

[
+Nau1(ﬂa a1 +Nu.u.3(!lgaz '1“Nq,a,30}gc;
N

1
'_"6 —z"'(wga,+msa,-+w3“)

In calculating {W§(N))4s., Wwe must strictly
take the average over all possible configu-
rations. However, since of all configurations

the configurations with Nss=Nss, Ne»=Nas and

(28)

Zaa,—NM occupy the predominant part, and

the average over these configurations, may
differ very little from that over all configura-
tions, we approximately take the former average
in place of the latter. Then

1

3 N 3
Wy(N)=3Naa;@le;— (X 0is) (29
i=1 6 z ‘i;1

where >}/ donates the summation under the
3

restriction that 3} Ngq;=1/2-N/z and
i=1

{W}(N)) s becomes

—_— X
<W3(N)>T'(§"Naufmgn,)z_ZEIrNaa;wgai

1N 3o . (1 NI )2

X 6 Z (‘§l&)aa, T (6 Z ;lﬂlaa,

3 1 N 3 2
=(E’Naa;w3a,)2*(“" N5 wsa,) (30)

i=1 6 z i-1

As all configurations of aa pair can take
place with equal probability the first term of
30 becomes

(Z’Nm (u“)~—( = )ff Hwia,x

+@ie, (y—x) } +@io, (1)) ?dxdy
N
—(- )G(cu A ole, + 0l

! 0 1]
L ma’aj,waag +w,, “w“ T g gWyg s;)

(31)
Substituting 31 into 30 the following formula
is obtained:

Wi w=(5 -

wla,)24 (Cf.lga,—

)2-—']'“'{(w° —wl4,)?
36 aa; aay

-+ (ﬂ}gs;_ wﬂal) 2} (32)

For the system consisting of N; molecules
of I-isomers and N; molecules of d-isomer,
(W3, (Nx)), where N=N,+N; and x=
Ni/(N:+ Ng), can be obtained in a similar way.
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In this case the average may be taken over
the configurations in which Nti=N}l=Nx*/2z,
NiL=Nil=Nx(1—x)/z  and Néd¢=Nii=
N(1—x)?/2z where Nki, N4} and Ni4 are the
number of pairs of a;—a;, a;—aq and as—aq
respectively. The a;—aq pair can have three
different configuration with corresponding
interaction energies wid,, wld, and wif,. As
mentioned above wif, =wi+wut-wis, whi,=
wkld,= w12+ w13+ wz, then

(33)
From 33 the following expressions are obtained.

Wai (N, x)_LF(Nna, Wy ,-+N$§,-w.'a‘§;

(34)
where > denotes the summation under the

3 3
restrictions that > Nil,=Nx?/2Z, ZlNﬁf:
= s

3
Nx(1—x)/zand 3] N¢4,=(1—x)*/2z. Since the
=1

} of 34 become zero, then

Wi N03a=( ) )+ okl 0iL)"

+ (whé, —w“;.)z-"(wﬂ —whh)?}

mean values in {

+ AL (ath,— 0th?
_;'(a)di-'_wa)‘ )2'1'((9"{:‘_'“’ :)2}
B R U RS (TR OE

+(w‘grr _-{Ur:g )2+((Ofg“—0) }

(1 NY, . q_ 41,1._

_(2 z ){x =0 g
X{(we,—wla,)?+ (wla,—wla,)?
+ (wSae,— wha,)?} +(- J:r )xz(l—x)2
X‘;?{(m‘” _'(Uu"' )2’1‘(01%52_‘9“3)2

(35)

+(wil,—wil)?}
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If the terms higher than second power of W
in 25 are neglected, free energy of mixing 4, F
or excess free energy F¥ may be expressed as

dnF—NET{xInx+ (1—x) In (1—x)}=FE

=7 (7 3 ) a0

1
—x?— (l—x)’*}x'g{(wﬁn—wgcz)z
+(mgdzrwgas)z‘l'(mgds_mgh)}
i 2 — 2 L dil __ .dl y2
+( . )x’(l x)%x 36 {(0dl,—wil))
(36)

i 2
+ (i, —wdl)?+ (i, —wil,

Discussions

As is seen from the above result the principal
term of excess free energy FZX is inversely
proportional to absolute temperature. This is
due to the fact that the optical d- and I-iso-
mers are energetically identical in random
mixture (see Egs. 21 and 22), so that the first
order terms are dropped in the expansion. It
is in remarkable contrast to that of the usual
binary solutions where the principal terms of
FE are independent of temperature.

Dependency of the term on mole fraction x
of one component is complicated and is higher
than quadratic in x. This is another feature
of the system of optically active substances.

The term is usually very small and is quite
negligible.

However, if the difference |wls;—wiq;| or
|w?i,—w¢l,| happens to be great, the contri-
bution from these terms may become appreci-
able. For instance consider an optical active
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molecule whose sub elements 1, 2 and 3 are
-NH;, -C-O and -OH group respectively.
Then hydrogen bonding is formed between the
pairs 1—2, 1—3, 2—3 and 3—3 but is not
formed between pairs 1—1 and 2—2.

If we assume that interaction energies of
these pairs which form hydrogen bonding are
all equal and 5kcal./mol. and those of the
pairs which do not form hydrogen bonding are
neglected, then F* becomes according to 36.

1.45

FE =~ _(Z_z_)_if_ kecal./mol.

at T=300°K and x=0.5

If we assume that Z=4, F¥ becomes FF =22
cal./mol. Although the value 22 cal./mol. ob-
tained above is quite approximate because of
the neglect of higher orders than the second,
the order of magnitude of the value may not
differ from that obtained by rigorous calcula-
tion.

Summary

A statistical mechanical theory of solutions
consisting of d- and [l-optical isomers is devel-
oped based on a new model of optically active
molecules, and the excess free energy of the
system is also derived and the order of magni-
tude of this quantity is examined.
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